For binary black holes the lapse function corresponding to the Brill-Lindquist initial value solution is given in analytic form under the maximal slicing condition. In the limiting case of very small ratio of mass to separation between the black holes the surface defined by the zero value of the lapse function coincides with the minimal surfaces around the singularities. PACS number(s): 04.70. Bw, 04.20.Ex, 04.20.Fy In a recent paper [1], the authors re-obtained the Brill-Lindquist initial value solution for two black holes [2] using a point-mass model for the black holes followed by Hadamard's "partie finie" regularization procedure in 3-dimensional space. (It can be shown that the same result appears by applying the dimensional regularization of Ref. [3] .) In the present paper we supplement this result by the calculation of the initial lapse function. The result should be of importance for numerical head-on collision simulations of binary black holes under time-symmetric initial conditions. We use units in which 16πG = c = 1, where G is the Newtonian gravitational constant and c the velocity of light. In the paper all vectors and their lengths are defined in the 3-dimensional Euclidean space endowed with a standard Euclidean metric; x is the position of an arbitrary point in this space.
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In the generalized isotropic ADM gauge the 3-metric takes the form
and for the canonical conjugate π ij of the 3-metric the condition
holds.
In case of time-symmetric initial conditions the black-hole linear momenta p ai (a = 1, 2) and field momenta π ij , and thus the shift function too, are zero
Conformal flatness, i.e.
additionally implies the vanishing of the transverse-traceless part of the 3-metric,
In this case, the coordinate condition (2) coincides with the maximal slicing condition. Under the above conditions, the lapse function N 0 fulfills the equation
where g ij is the inverse of g ij , g ≡ det(g ij ), D i means the covariant derivative with respect to g ij , and R is the intrinsic curvature of the hypersurface x 0 = const . The Eq. (6) can easily be obtained from the field equation for π
ii [see, e.g., Eq. (2.7a) in Ref. [4] ]. After substituting the ansatz
into the Eq. (6), we obtain the following equation for the function ψ:
To derive Eq. (8) we have employed the relation, valid for application on scalar functions,
and the following formula, valid when h 
The Brill-Lindquist solution reads, [2] ,
where the parameters α 1 and α 2 are constants and where r 1 and r 2 denote the coordinate distances between the field point and the black hole positions in the conformally related flat space. The parameters α 1 , α 2 are related to the bare masses m 1 , m 2 of the two black holes through the formulas (see Appendix A in Ref. [5] )
where r 12 denotes the coordinate distance of the two black holes. We substitute the solution (9) into Eq. (8) and search for a solution of the function ψ of the form
where β 1 and β 2 are some new constants. We then make use of the regularization procedure of Ref. [1] (or Ref. [3] ) which relies here on replacing f (x)δ(x − x a ) by f reg (x a )δ(x − x a ), where the regularized value f reg (x a ) of the function f at its (possibly) singular point x = x a we define by means of the Hadamard's "partie finie" procedure. We expand f (x a + εn) (where n is a unit vector and ε > 0 is a number) into a Laurent series around ε = 0 and as the regularized value of the function f at x a we take the zero-order coefficient of the series averaged over all directions n:
The usage of the definition (13) boils down in our computation to simple formulas
Making use of Eqs. (14) we have found that the solution to Eq. (8) of the form (12) exists when
In the limit r 12 → ∞ it holds: β 1 = α 1 and β 2 = α 2 . If α 1 = 0, then β 1 = 0 and β 2 = α 2 (analogously, if α 2 = 0, then β 2 = 0 and β 1 = α 1 ). Also, if α 1 = α 2 , then β 1 = β 2 . Thus, the solution for ψ does have correct limiting values. By explicit calculation we have shown that the surface N 0 = 0 coincides with the minimal surfaces around the singularities in the limiting case of very large separation between the black holes, i.e., we exactly have reproduced the Eq. (27) in Ref. [2] for uncharged black holes.
